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Abstract
We try to find some exact analytical models of spherically sym-
metric spacetime of collapsing fluid under shearfree condition. We
consider two types of solutions: one is to impose a condition on the
mass function while the other is to restrict the pressure. We obtain
totally of five exact models, and some of them satisfy the Darmois
conditions.
PACS: 04.20.-q; 04.40.-b; 04.40.Dg; 04.40.Nr.
Gravitational collapse and compact body evolution under various condi-
tions are important in general relativity. Their description can be found by
exploring the dynamical equations of spherically symmetric models. Gener-
ally, this requires kinematics of such fluids having expansion, acceleration,
rotation and shear or distortion. There have been many interesting results
arising due to shearfree conditions. The vanishing of shear tensor describes
the physical aspects of compact bodies in the relativistic astrophysics phe-
nomena.
Collins and Wainwright[1] reported that the class of shearfree expanding
(or collapsing) irrotational perfect fluids with an equation of state p = p(µ)
is either FRW or spherical symmetric Wyman solution or a special case
of plane symmetric models. Misra and Srivastava[2] explored that charged
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perfect fluids with vanishing shear tensor and uniform density are necessarily
static. Tomimura and Nunes[3] discussed a radiating spherical body collapse
with heat flow having the property of shearfree and the geodesic motion of
the fluid.
Glass[4] showed that the shearfree perfect fluid is irrotational and also
stationary vacuum spacetime is also static if and only if the Weyl tensor is
of purely electric type. Carr and Coley[5] found that every shearfree perfect
fluid solution is self-similar but converse is not true. Herrera et al.[6] stud-
ied the stability of the shearfree condition of a spherically symmetric local
anisotropic fluid with null radiation, shearing viscosity and dissipation in the
form of heat flux. In[7], Di Prisco et al. found some exact analytical models
of spherically symmetric spacetime under the expansion free condition. In
this Letter, we extend this work to investigate some exact analytical models
under the shearfree condition.
The interior region is given by the most general spherically symmetric
metric
ds2− = −A2(t, r)dt2 +B2(t, r)dr2 +R2(t, r)(dθ2 + sin2 θdφ2). (1)
We assume comoving coordinates inside the hypersurface Σ . The energy-
momentum tensor is of the form
T−αβ = (µ+ P⊥)VαVβ + P⊥gαβ + Πχαχβ, (2)
where Π ≡ Pr − P⊥, and µ, P⊥, Pr, V α, χα are the energy density, the
tangential and radial pressure, the four-velocity and a unit four-vector along
the radial direction respectively. They satisfy
V αVα = −1, χαχα = 1, χαVα = 0.
The expansion scalar, Θ , four acceleration, aα and shear tensor σαβ read
Θ = V α;α, aα = Vα;βV
β, σαβ = V(α;b) + a(αVβ) − 1
3
Θ(gαβ + VαVβ).
The non-vanishing components of the shear tensor are
σ11 =
2
3
B2σ, σ22 =
σ33
sin2 θ
= −1
3
R2σ,
where
σ =
1
A
(
B˙
B
− R˙
R
)
. (3)
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The four-acceleration gives
a1 =
A′
A
, a2 = aαaα = (
A′
AB
)2, aα = aχα,
Θ =
1
A
(
B˙
B
+ 2
R˙
R
)
, (4)
where dot and prime stand differentiation with respect to t and r, respec-
tively.
The Einstein field equations for the interior spacetime are[7]
8piµA2 =
(
2B˙
B
+
R˙
R
)
R˙
R
−
(
A
B
)2 [
2R′′
R
+
(
R′
R
)2
− 2B
′R′
BR
−
(
B
R
)2]
, (5)
0 = −2
(
R˙′
R
− B˙A
′
BR
− R˙A
′
RA
)
, (6)
8piPrB
2 = −
(
B
A
)2 [
2R¨
R
−
(
2A˙
A
− R˙
R
)
R˙
R
]
+
(
2A′
A
+
R′
R
)
R′
R
−
(
B
R
)2
, (7)
8piP⊥R
2 = 8piP⊥R
2 sin−2 θ
= −
(
R
A
)2 [
B¨
B
+
R¨
R
− A˙
A
(
B˙
B
+
R˙
R
)
+
B˙R˙
BR
]
+
(
R
B
)2 [
A′′
A
+
R′′
R
− A
′B′
AB
+
(
A′
A
− B
′
B
)
R′
R
]
. (8)
The mass function is given as[8]
m(t, r) =
R
2
(1− gαβR,αR,β) = R
2
(
1 +
R˙2
A2
− R
′2
B2
)
. (9)
Using the velocity of the collapsing fluid U = R˙
A
in Eq.(9), we have
E ≡ R
′
B
=
[
1 + U2 − 2m(t, r)
R
]1/2
. (10)
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It follows from Eq.(9) that
µ˙R′ + Pr
′R˙ + (Pr + µ) ˙(R′ + 2R
′ R˙
R
) = 0. (11)
The conservation of the energy-momentum tensor leads to
µ˙+ Aσ(µ+ Pr) + 3(µ+ P⊥)
R˙
R
+ Π
R˙
R
= 0,
Pr
′ + (µ+ Pr)
A′
A
+ 2Π
R′
R
= 0. (12)
When we take the Schwarzschild metric outside 3D hypersurface Σ as the
exterior spacetime, we can write by using junction conditions[7]
Adt
Σ
= dv
(
1− 2M
ρ
)
, R
Σ
= ρ(v), m(t, r)
Σ
=M, Pr
Σ
= 0, (13)
Next, we take the shearfree fluid and explore some exact analytical mod-
els. We would like to mention here that the shearfree fluids make our analysis
and results of purely local character. Under this condition, i.e., σ = 0, Eq.
(3) turns out to be B˙
B
= R˙
R
, which gives
B = γR, (14)
where γ is an arbitrary function of r which is taken as 1 without loss of
generality. Using this value of B in Eq.(6), we obtain
A =
R˙
Rξ
, (15)
where ξ is an arbitrary function of t. The physical variables µ, Pr and Π
can be written in terms of R and m as
4piµ =
m′
R′R2
, 4piPr = − m˙
R˙R2
, Π = −
[
R
µ˙
R˙
+ 3(µ+ P⊥)
]
. (16)
Using Eqs.(9), (14) and (15), it follows
m(t, r) =
R
2
(
R2ξ2 − R
′2
R2
+ 1
)
. (17)
4
We can see that the metric coefficients A and B are now given interms of R.
In the following, we obtain some exact analytical models.
In this family of solutions, we assume m(t, r) as follows[9]
2m(t, r) = jR +
1
3
kR3 +
1
5
lR5, (18)
where j, k and l are arbitrary functions of t. The energy density can be
obtained by using Eqs.(16) and (18) as
8piµ =
j
R2
+ k + lR2. (19)
Using Eqs.(16)-(18), it follows that
j − 1 + kR2 + lR4 − 3(Rξ)2 + 2R
′′
R
−
(
R′
R
)2
= 0. (20)
Equations (17), (18) and (20) give
−2(j − 1) + 2
5
lR4 − 4
(
R′
R
)2
+ 2
R′′
R
= 0.
We assume R2 ≡ S so that the above equation implies
aS + bS3 − 3
2
S ′2
S
+ S ′′ = 0,
where a(t) ≡ −2(j − 1), b(t) ≡ 2
5
l. Integrating this equation, we have
S ′2 = 2
(−aS2 + bS4) . (21)
We would like to solve this equation for the following cases:
Case (i) a 6= 0, b 6= 0. Integration of Eq.(21) yields
S =
√
a
b
sec
(√
2a(r + β)
)
, (22)
or
R =
5(1− j)
l
[
sec
(
2
√
1− j(r + β)
)] 1
2
, (23)
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where β(t) is an arbitrary function. Consequently, Eq.(16) yields
8piµ =
j
R2
+ lR2,
8piPr = −
(
j + lR4
R2
)
− R
3
R˙
(
l˙
5
+
j˙
R4
)
,
8piP⊥ = 3lR
2 +
3j
R2
+
3R3 l˙
5R˙
, (24)
Using junction conditions (13), we obtain two independent equations with
three unknown functions j(t), l(t) and β(t) which can be satisfied by any
convenient choice of one of these functions. This does not lead to interesting
solutions.
Case (ii) a = 0. This case gives j = 1 and Eq.(21) leads to
S =
(
1
r
√
2b+ β(t)
)
, or R =
( √
5
2r
√
l +
√
5β(t)
) 1
2
. (25)
The physical variables turn out to be
8piµ =
2r
√
l +
√
5β√
5
+
l
√
5
2r
√
l +
√
5β
,
8piPr = −
(
2r
√
l +
√
5β√
5
+
l
√
5
2r
√
l +
√
5β
+
2l˙
√
l
rl˙ +
√
5lβ˙
)
,
8piP⊥ = − 2l
√
5
2r
√
l +
√
5β
+
4l˙
√
l
rl˙ +
√
5lβ˙
. (26)
Case (iii) b = 0. Here we obtain l = 0 while integration of Eq.(21) yields
S = e(r
√
2a+β(t)), or R = e
(
r
√
(1−j)+β(t)
2
)
. (27)
The quantities µ, Pr and P⊥ take the form
8piµ = j
[
e(2r
√
1−j+β)
]−1
, P⊥ = 0.
8piPr = −
[
e(2r
√
1−j+β)
]−1 j˙
(
−rj˙
2
√
1− j + β˙
2
)−1
+ j

 . (28)
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Lemaitre[10] firstly used fluid spheres with tangential stresses alone (Pr =
0). Afterwards, the use of this kind of fluid is in practice by many authors[11−17].
The second family of solution will be obtained by assuming Pr = 0. Using
this condition in Eq.(11), it follows that
R3 = 3
∫
C1(r)
µ
dr + C2(t), (29)
where C1 and C2 are arbitrary functions. Using Pr = 0 in Eq.(11), we
have µ = C1(r)/R
′R2. Comparing this value with that in Eq.(16), we obtain
C1 = m
′/4pi. Using the shearfree condition in the first equation of continuity,
we have
P⊥ = −
(
µ˙R
2R˙
+
3µ
2
)
. (30)
Now we shall explore different models for some particular cases.
Case (i) 1: P⊥ = αµ. For Pr = 0 and P⊥ = αµ, the second of Eq.(12)
yields
R˙ = f(t)R(2α+1), R′ = g(r)R(2α+1), (31)
or
R−2α = ψ(t) + χ(r), (32)
where ψ(t) = (−2α) ∫ f(t)dt, χ(r) = (−2α) ∫ g(r)dr while f(t) and g(r) are
arbitrary functions. Without loss of generality, we can choose f(t) = ξ(t),
then Eqs.(15) and (31) yield A = R2α. Using Eqs.(9), (14) and (31) on the
hypersurface r = re with γ = 1, it follows that
R˙2
Σ
= R4α
(
2M
R
+ g2R4α − 1
)
,
which can be solved for an arbitrary value of α. We choose M = 1. When
α = 1/4, we obtain
R
Σ
=
1√
2g
[
1 + tan
√
2(t + t0)
]
, (33)
and hence Eq.(32) yields
ψ(t)
Σ
=
[
1√
2g
(
1 + tan
√
2(t + t0)
)]−12
+ χ. (34)
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Thus the time dependence of all variables is fully determined. Now the radial
dependence (C1 or χ) can be obtained from the initial data.
Case (ii) 2: µ = µ0C1/r
2. Here we assume that energy density is separa-
ble so that µ = µ0(t)C1/r
2. Consequently, Eqs.(29) and (30) give
R =
(
r3
µ0
+ C2(t)
)1/3
, P⊥ = −3µ0
2C1
2r2
[
C2µ˙0 + C˙2µ0
C˙2µ02 − µ˙0r3
]
. (35)
Equation (17) provides the mass function
m =
R
2
[
R2ξ2 − r
4R−6
µ20
+ 1
]
. (36)
If we take ξR = R˙, then AΣ = 1, R˙Σ = UΣ , ξ =
UΣ
RΣ
. Using these values
along with Eq.(13) in (36), it follows that
RΣ = 2M
[
U2
Σ
− r
4
Σ
ξ6
µ20U
6
Σ
+ 1
]−1
. (37)
Thus in the absence of superluminal velocities (U < 1) and Eq.(37), we must
impose r2
Σ
< µ0. We can find the time dependence of RΣ if µ0 = µ0(t), which
implies time dependence of all variables.
We have found two families of solutions by imposing conditions on mass
function and pressure. The first family yields three while the second gives
two exact analytical models. The solutions of the second family satisfies the
junction conditions which contain some of the essential features of a realis-
tic situation. These models may be helpful for the analysis of gravitational
behavior of compact bodies. The solutions may not show any specific astro-
physical scenario but they describe the possible importance of the shearfree
condition for exploring exact models. Also, this work may be considered as a
toy model of localized systems. We would like to mention here energy density
changes with time even under the shearfree condition which is obvious from
equation of continuity.
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